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ABSTRACT
Starting from hydrodynamic equations, we have established a set of hydrodynamic
equations for average flow and a set of dynamic equations of auto- and cross-
correlations of turbulent velocity and temperature fluctuations, following the classic
Reynold’s treatment of turbulence. The combination of the two sets of equations leads
to a complete and self-consistent mathematical expressions ready for the calculations
of stellar structure and oscillations. In this paper, non-locality and anisotropy of tur-
bulent convection are concisely presented, together with defining and calibrating of
the three convection parameters (c1, c2 and c3) included in the algorithm. With the
non-local theory of convection, the structure of the convective envelope and the ma-
jor characteristics of non-adiabatic linear oscillations are demonstrated by numerical
solutions. Great effort has been exercised to the choice of convection parameters and
pulsation instabilities of the models, the results of which show that within large ranges
of all three parameters (c1, c2 and c3) the main properties of pulsation stability keep
unchanged.
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1 INTRODUCTION
Great advances in understanding the pulsation of variable
stars have been achieved thanks to continuous work by gen-
erations of researchers for over 5 decades. Among others,
we would like to name three classical books by Ledoux &
Walraven (1958), Cox (1980) and Unno et al. (1989) which
reviewed and concluded exclusively the major research work
done in that period of time. The theory of stellar pulsations
reached a state of art stage that makes the field probably
one of the bests in astrophysics. Nevertheless, some of the
fundamental questions remain. Convection inside the pul-
sators is one of the most difficult and long-standing prob-
lems. Revolutionary observations from space by CoRoT and
Kepler spaces missions, in terms of both accuracy (down to
micro-magnitude) and uninterrupted time baseline (up to
months), mark a new era in stellar variability studies. Thou-
sands of small amplitude variables of many different types
are discovered, which would be otherwise undetectable with
ground based instruments. Such great discovery capability
greatly enhanced observations of stellar variability from δ
Scuti, γ Doradus on the main sequence to pulsating red gi-
ants. Such observations provide not only opportunities but
also challenges in this field, because convection replaces ra-
diation becoming the major energy transport mechanism in
stars with very extended convective envelope. As a result,
dealing with the coupling between convection and oscilla-
tions is a key factor for understanding variables with low
surface temperatures. However, the treatment of stellar con-
vection, so called mixing-length theory (MLT), developed by
Bo¨hm-Vitense (1958) in the middle of last century is still
the most popularly used in the calculations of stellar struc-
ture, evolution and oscillations. Modified versions such as
time-dependent MLT (Unno 1967; Gough 1977; Stellingwerf
1982; Grigahce`ne et al. 2005), and non-local MLT (Spiegel
1963; Ulrich 1970) had then been made in order to account
for oscillations of variable stars. Needless to say that we are
still far from fully understanding the nature and principal
properties of stellar turbulence, therefore a robust theory of
stellar convection is still missing in the community. This led
to the fact that the results cannot converge for the same
observational problems when different treatments of convec-
tion were used. The theory of convection is still the most
uncertain factor that prevents us from clear understandings
of oscillations in low-temperature stars. In this series of pa-
pers, we are going to apply the non-local and time-dependent
theory of convection we developed to the calculations of stel-
lar oscillations. In order to cope with the great advances in
observations of small amplitude red variable stars resulted
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from recent missions, a systematic theoretical calculations of
δ Scuti, γ Doradus and pulsating red giants are carried out,
in which convection is treated by our non-local and time-
dependent theory of turbulent convection. The theory was
started more than 30 years ago, and has been in continuous
improvements since then. Our study shows that anisotropy
of turbulent convection has important effects on stellar os-
cillations. In the case of non-radial oscillations, neglecting
anisotropy means turbulent viscosity is disregarded at the
same time. Therefore the red edge of the instability strip
of δ Scuti and γ Doradus stars cannot be determined cor-
rectly. In Section 2, we give a new complete version of non-
local and anisotropic time-dependent convection theory and
a new uniform expression for turbulent dissipation and dif-
fusion. In Section 3, we will show the general properties of
the structure of stellar non-local convective envelopes. The
results of theoretical calculations of non-adiabatic linear os-
cillations of stars are presented in Section 4 along with the
dependance of pulsation stability on the selection of convec-
tion parameters. Conclusions and discussions are given in
the last section of this paper.
2 THE BASIC EQUATIONS
The equations used in stellar structure and oscillations can
be divided into two parts: the average hydrodynamic equa-
tions, and the dynamic equations of correlations of turbulent
velocity and temperature. Both of them come from the lit-
eral hydrodynamic equations, as in the following,
∂
(
ρui
)
∂t
+∇k
(
ρ¯uiuk + gikP
)
+ ρ¯gik∇kφ = ∇kσik (u) , (1)
∂ρ
∂t
+∇k
(
ρuk
)
= 0, (2)
ρT
(
∂S
∂t
+ uk∇kS
)
= ρN + σ
ik (u)∇kui −∇kF kr , (3)
F kr = −4acT
3
3ρκ
gik∇kT, (4)
gαβ∇α∇βφ = 4piGρ, (5)
where ρ, T and P are the density, temperature and pressure
of gas, S, N and κ are the entropy of gas, nuclear energy
general rate and radiative opacity, respectively. ui is the ith
component of the velocity of fluid in the curved framework
of reference, σik is the viscous stress tensor, F kr is the the
radiation flux vector, and φ is the gravitational potential.
Equations (1)–(3) are the equations for the conservations
of momentum, mass and energy, while equation (4) is that
of radiative transfer, equation (5) is the Poisson’s equation
for self-gravitating system. The equations are all expressed
in tensor format, in which the implicit summation rule of
tensor is used, i.e. a summation should be performed for a
index running from 1 to 3, i for instance, if a pair of sub-
and super-script of that index appear in a term. gαβ is the
metric tensor of the curved framework of reference.
2.1 The average hydrodynamic equations
In our formalism of convection theory, the classical
Reynold’s algorithm is adopted. Due to the vast physical
dimension of fluid in stars, turbulent convection is bound to
happen once convective motion starts. In Reynold’s scheme,
each of the physical quantities X (gas density, temperature,
pressure, entropy etc.) is expressed as its averaged value X¯
plus the corresponding fluctuation X ′ (apply in all of our
earlier work, Xiong 1978, 1989; Xiong et al. 1997),
X = X¯ +X ′, (6)
Applying the form of equation (6) to equations (1)–(5),
making Taylor expansion of X ′ and retaining only its 1st-
order terms, then averaging each of the equations, we have
the following average hydrodynamic equations (Xiong 1978,
1989; Xiong et al. 1997),
Dui
Dt
+
1
ρ¯
∇k
(
gikP¯ + ρu′iu′k
)
+ gik∇kφ¯ = 1
ρ¯
∇kσik (u¯) , (7)
Dρ¯
Dt
+ ρ¯∇kuk, (8)
ρ¯C¯P
DT¯
Dt
−αDP¯
Dt
+∇k
(
ρ¯C¯P T¯w′kT ′/T¯
)
+∇kF kr = ρ¯¯N+σik (u)∇kui,
(9)
F kr = −4acT¯
3
3ρ¯κ¯
gik∇kT¯ , (10)
gαβ∇α∇βφ¯ = 4piGρ¯, (11)
where,
D
Dt
=
∂
∂t
+ uk∇k, (12)
is the co-moving differential, CP is specific heat at constant
pressure, α = − (∂ ln ρ/∂ lnT )P is the expansion coefficient
of gas.
The average form of hydrodynamic equations (equa-
tions (7)–(11)) is similar as their original form (equations
(1)–(5)). When convection sets in, however, an extra term,
ρu′iu′k emerges in the average equation of momentum con-
servation (equation (7)), which is nothing but the well known
Reynold’s stress. And another extra term, ρ¯C¯P T¯w′kT ′/T¯
appears in the equation of energy conservation (equation
(9)), which is convective enthalpy flux. These two terms rep-
resent respectively momentum and thermal energy transport
caused by convection in the fluid. The next step in our the-
ory is to formulate the dynamic equations for these terms.
Once the dynamic equations of the second-order correlation
of turbulent velocity and temperature are established, the
whole set of dynamic equations of turbulent convection be-
comes solvable by combination of resulted equations with
those of averaged dynamic equations (equations (7)–(11)).
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2.2 Dynamic equations of turbulent velocity and
temperature
Subtraction of the average equations (7)–(9) from each
other’s corresponding original ones equations (1)–(3), it is
trivial to have the following dynamic equations of turbulent
velocity and temperature,
Dw′i
Dt
+ w′k∇kui + 1
ρ¯
∇k
(
gikP ′ + ρu′iu′k − ρu′iu′k
)
−αT
′
T¯
(
gik∇kφ¯+ Du
i
Dt
)
=
1
ρ¯
∇kσik
(
u′
)
, (13)
D
Dt
T ′
T¯
+
T ′
T¯
{[
1− α¯+ C¯P,T
] D ln T¯
Dt
+
[
C¯P,P + (1− α¯) ∇¯ad
] D ln P¯
Dt
}
+ w′k
(∇k ln T¯ − ∇¯ad∇k ln P¯ )
+
1
ρ¯C¯P T¯
∇k
[
ρ¯C¯P T¯
(
w′k
T ′
T¯
− w′k T
′
T¯
)]
=
1
ρ¯C¯P T¯
[
(ρN )
′ + σik (u)∇kui − σik (u)∇kui −∇kF ′kr
]
,
(14)
where w′i = ρu′i/ρ¯ is the density-weighted turbulent veloc-
ity, ∇ad = αP/ρCPT = (Γ2 − 1)/Γ2 is adiabatic temper-
ature gradient, C¯P,T and C¯P,P are respectively the partial
derivatives of C¯P with respect to T and P .
2.3 Dynamic equations of correlations of
turbulent velocity and temperature
Starting from equations (13) and (14), it is rather straight-
forward to make the dynamic equations of the auto- and
cross-correlations of turbulent velocity and temperature,
D
Dt
w′iw′j + w′iw′k∇kuj
+ w′jw′k∇kui + 1
ρ¯
∇k
(
ρ¯u′kw′iw′j
)
− w′i T
′
T¯
(
Duj
Dt
+ gjk∇kφ¯
)
− w′j T
′
T¯
(
Dui
Dt
+ gik∇kφ¯
)
+
1
ρ¯
∇k
[
gikw′jp′ + gjkw′ip′ − w′iσjk (u′) + w′jσik (u′)
]
− 1
ρ¯
(
gikP ′∇kw′j − gjkP ′∇kw′i
)
= −1
ρ¯
[
σik (u′)∇kw′j + σjk (u′)∇ku′i
]
, (15)
D
Dt
(
T ′
T¯
)2
+ 2
(
T ′
T¯
)2
×
{[
1− α¯+ C¯P,T
] D ln T¯
Dt
+
[
C¯P,P + (1− α¯) ∇¯ad
] D ln P¯
Dt
}
+ 2w′k
T ′
T¯
(∇k ln T¯ − ∇¯ad∇k ln P¯ )
+
1
ρ¯2C¯2P
∇k
[
ρ¯2C¯2Pw′k
(
T ′
T¯
)2]
− 2
ρ¯C¯P T¯
T ′
T¯
(ρN )
′ = − 2
ρ¯C¯P T¯
T ′
T¯
∇kF ′kr , (16)
D
Dt
w′i
T ′
T¯
+ w′k
T ′
T¯
∇ku′i + w′i T
′
T¯
×
{[
1− α¯+ C¯P,T
] D ln T¯
Dt
+
[
C¯P,P + (1− α¯) ∇¯ad
] D ln P¯
Dt
}
− α¯
(
T ′
T¯
)2(
gik∇kφ¯+ Du
i
Dt
)
+ w′iw′k
(∇k ln T¯ − ∇¯ad∇k ln P¯ )
+
1
ρ¯C¯P
∇k
[
ρ¯C¯Pu′kw′i
T ′
T¯
]
=
1
ρ¯
T ′
T¯
∇kσik (u′)− 1
ρ¯C¯P T¯
w′i∇kF ′kr , (17)
Convection is an intrinsic instability induced by ther-
mal instability in fluid. Equations (15)–(17) are the dynamic
equations describing the auto- and cross-correlations of tur-
bulent velocity and temperature in stars. Taking equation
(15) as an example, it can be regarded as the conservation of
turbulent kinetic energy, the first term in which represents
the variation rate of turbulent kinetic energy, therefore is
the sum of all the other terms with a negative sign, while
the second and the third terms are the exchange rates be-
tween the average kinetic energy and turbulent energy due
to the shear force of average motion of the fluid; the 5th and
6th terms are the variation rates of turbulent kinetic energy
caused by buoyancy force; the 4th term is the pure gain of
turbulent kinetic energy due to momentum exchange of non-
local turbulent kinetic energy flux (defined as ρu′kw′iw′j);
the brackets in the 7th term are the pressure tensor flux and
viscous tensor flux; the last two terms in the left-hand side
and the terms in the right-hand side in equation (15) will be
discussed in detail later.
2.4 Turbulent dissipation
The right-hand side terms in equations (15)–(17) repre-
sent attenuations caused by molecular viscosity and radia-
tion conductivity. Following the theory of turbulence (Hinze
1975), these terms can be expressed as (see Xiong 1978),
1
ρ¯
[
σik (u′)∇ku′j + σjk (u′)∇ku′i
]
= −2
√
3ηexw′iw′j/le,
(18)
− 1
ρ¯C¯P T¯
T ′
T¯
∇kF ′kr = −
√
3ηex
(
1 +
xc
x
)(T ′
T¯
)2
/le, (19)
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1
ρ¯
T ′
T¯
∇kσik (u′)− 1
ρ¯C¯P T¯
w′i∇kF ′kr = −
√
3ηex
(
3 +
xc
x
)
w′i
T ′
T¯
/le
(20)
where ηe = 0.45 is the Heisenberg eddy coupling constant
(Hinze 1975), x and xc/x are respectively the rms turbulent
velocity and the effective Peclet number, le is the length of
energy-containing eddies of turbulence, defined as,
x =
√
gijw′iw′j/3, (21)
xc = 3acGMrT¯
3/c1ρ¯κ¯C¯P r
2P¯ , (22)
where c1 is a convective parameter (see equation (31)).
Non-locality and anisotropy of turbulence are the most
fundamental and important properties of stellar convection,
both of which play key roles in stellar evolution and pul-
sation instability and will be discussed in sections 2.5 and
2.6.
2.5 Non-locality of turbulent convection
The original mixing-length theory (Bo¨hm-Vitense 1958) is a
phenomenological and local expression of stellar convection.
As pointed out by Speigel (1963), the local mixing-length
theory would make sense only when convective motion were
homogeneous in an infinitely large field, or when the so
called mixing-length was far smaller than the characteristic
dimension of fluid media. Unfortunately, these two length
scales are usually comparable in stellar interiors, and the
temperature gradient generally changes considerably within
a mixing-length in stellar fluid media. To overcome such a
shortcoming, one can replace the local temperature gradi-
ent at a given point in the fluid by the averaged value over
a mixing-length (Speigel 1963). In such a way, the general
treatment of convection became a non-local mixing-length
theory.
Our theory of stellar convection described above is orig-
inated from hydrodynamic equations and turbulent theory,
therefore it naturally covers non-locality of convective mo-
tion in stars. In the equations of correlations, equations (15)–
(17), the third-order terms represent non-locality of turbu-
lent convection. In fact, the term ρu′kw′iw′j is turbulent
kinetic energy flux which describes non-local transportation
of turbulent energy from a point in the fluid to another. In
the second-order dynamic equations for the correlation of
turbulent velocity and temperature fluctuations, the third-
order terms are bound to emerge, while in the third-order
equations the fourth-order terms must turn up, and the loop
keeps going for any order of correlations. This is the well-
known closure problem in the study of turbulence. A possi-
ble approach to such problem we provided is a gradient-type
diffusive approximation, i.e. assuming,
ρu′kw′iw′j = −ρ¯w′kw′ατc∇αw′iw′j , (23)
u′k
(
T ′
T¯
)2
= −w′kw′ατc∇α
(
T ′
T¯
)2
, (24)
u′kw′i
T ′
T¯
= −w′kw′ατc∇αw′i T
′
T¯
, (25)
where,
τc = Λ/x, (26)
is the lifetime of a turbulent eddy, Λ is the corresponding
diffusion length scale.
Another way of closure of the correlation equations is to
formulate the dynamic equations of the third-order terms,
and to deal with the fourth-order correlations that emerge
in the process. Following the theory of stochastic processes,
a fourth-order correlation can be represented by the product
of two second-order correlations, given the stochastic quan-
tities obey Gaussian distribution. Grossman (1996) made a
very thorough comparison between the two ways of closure,
and he concluded that for the second-order correlations, the
former algorithm (equations (23)–(25)) is more preferable.
For the calculations of stellar structure and oscillations, the
second order correlations are more important. For that rea-
son, he further pointed out that the closure we offered is also
more practical.
2.6 Anisotropy of turbulent convection
The study of turbulence has a long history and is still un-
der development. All the existing theories are based on an
isotropic assumption. For stellar convection, however, such
an assumption obviously breaks down. Observations of the
velocity field of solar granulation show that the convective
motions are primarily radial in the unstable convective re-
gion under the photosphere, while they turn to be primarily
horizontal in the convective overshooting zone in the outer
layers of atmosphere. Such a definitive evidence requires a
theory that accounts for anisotropy of turbulence when deal-
ing with convective overshoot problem. Anisotropy of tur-
bulence reduces the efficiency of overshooting mixing. Our
studies demonstrated that the dynamic coupling between
convection and oscillations plays a key role for the oscilla-
tion instability in low-temperature stars with extended con-
vective envelopes, and anisotropy of turbulence is ultimately
linked to turbulent viscosity. The dynamic theory of corre-
lations of turbulent convention is based on hydrodynamics
and theory of turbulence, therefore it is enabled to handle
anisotropic turbulent convection in stars. We also general-
ized the treatment of anisotropy by Canuto (1993) for a more
robust application, decomposing Renold’s stress w′iw′j into
the sum of an isotropic component gijx2 and an anisotropic
one χij ,
w′iw′j = gijx2 + χij , (27)
where,
x2 = gijw′iw′j/3. (28)
From equations (27)–(28), it is clear that,
gijχ
ij = 0, (29)
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Pressure fluctuation terms are also present in the dy-
namic equations of turbulent velocity and temperature cor-
relations. From the theory of turbulence, we know that the
correlation of pressure and velocity gradient tends to turn
turbulence into isotropic (Rotta 1951, Hinze 1975), therefore
we assume,
1
ρ¯
P ′
(
gik∇kw′j + gjk∇kw′i − 2
3
gij∇ku′k
)
= −c3 4
√
3ηe
3
xχij/le,
(30)
where c3 is the parameter used to describe the anisotropy
of turbulent convection. The larger c3, the stronger the ten-
dency for turbulent pressure fluctuations to restore isotropy,
therefore turbulence is made more isotropic, and vise-versa.
In our theory, the ratio of the squared radial component of
turbulent velocity to that of horizontal motion is w′2r /w′2h =
(3+ c3) /2c3 in the unstable region (Deng et al. 2006).
As shown in equations (18)–(20) and (24)–(26) that le
and Λ are two characteristic lengths that are related to tur-
bulent dissipation and diffusion. We then further assume
that they are both proportional to the local pressure scale
height HP ,
le = c1HP = c1
r2P¯
GMrρ¯
, (31)
Λ =
√
3
4
c2HP = c2
√
3r2P¯
4GMrρ¯
, (32)
Inserting equations (27)–(30), together with equations
(18)–(20) that describe turbulent dissipation and equations
(23)–(26) that describe turbulent diffusion into equations
(7)–(11) and equations (15)–(17), also applying above as-
sumptions equations (31)–(32), the dynamic equations for
the calculation of stellar structure and oscillations in non-
local and anisotropic framework can then be re-written as
the following,
Dui
Dt
+
1
ρ¯
∇k
[
gik
(
P¯ + ρ¯x2
)
+ ρ¯χik
]
+ gik∇kφ¯ = 0, (33)
Dρ¯
Dt
+ ρ¯∇kuk = 0, (34)
D ln T¯
Dt
− ∇¯adD ln P¯
Dt
+
1
ρ¯C¯P T¯
[
ρ¯x2
(
3
D lnx
Dt
− D ln ρ¯
Dt
)
+ρ¯χik∇kui +∇k
(
F kr + F kc + F
k
t
)]
= 0, (35)
F kr = −4acT¯
3
3ρ¯κ¯
gik∇iT¯ , (36)
gαβ∇α∇βφ¯ = 4piGρ¯, (37)
3
2
Dx2
Dt
− x2 ln ρ¯
Dt
+ χik∇iuk − 3
2ρ¯
∇i
(
Qik∇kx2
)
−α¯V k
(
Duk
Dt
+∇kφ¯
)
= −2
√
3ηeGMrρ¯
c1r2P¯
x3, (38)
Dχij
Dt
+ x2
(
gik∇kui + gjk∇kui − 2
3
gij∇kuk
)
+ χik∇kuj + χjk∇kui − 2
3
gijχαβ∇αuβ
− 1
ρ¯
∇α
(
Qαk∇kχij
)
− α¯
(
gikV j + gjkV i − 2
3
gijV k
)(
Duk
Dt
+∇kφ¯
)
= −4
√
3ηeGMrρ¯ (1 + c3)
3c1r2P¯
χij (39)
DZ
Dt
+ Z
{[
1− α¯+ C¯P,T
] D ln T¯
Dt
+
[
C¯P,P + (1− α¯) ∇¯ad
] D ln P¯
Dt
}
+ 2V k
(∇k ln T¯ − ∇¯ad ln P¯ )
− 1
ρ¯2C¯2P
∇k
(
ρ¯C¯2PQ
ik∇kZ
)
= −2
√
3ηeGMrρ¯
c1r2P¯
(x+ xc)Z (40)
DV i
Dt
+ V k∇kui + V i
{[
1− α¯+ C¯P,T
] D ln T¯
Dt
+
[
C¯P,P + (1− α¯) ∇¯ad
] D ln P¯
Dt
}
− αZ
(
Dui
Dt
+ gik∇kφ¯
)
+
(
gikx2 + χik
) (∇k ln T¯ −∇k ln P¯ )
− 1
ρ¯C¯P
∇i
(
C¯PQ
ik∇kV i
)
= −
√
3ηeGMrρ¯
c1r2P¯
(3x+ xc)V
i, (41)
where,
Z =
(
T¯
T ′
)2
, (42)
V i = w′i
T ′
T¯
, (43)
F kc = ρ¯C¯P T¯ V
k, (44)
F kt = −Qik∇kx, (45)
Qij =
√
3pic2r
2P¯ x
GMr
(
gij + χij/x2
)
, (46)
Now, equations (33)–(41) form a complete set of dy-
namic equations for the calculation of stellar structure and
oscillations.
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2.7 Calibrations of convective parameters c1, c2
and c3
After proper treatment for turbulent dissipation, diffusion
and anisotropy, the original equations (15)–(17) have been
transformed to the dynamic equations of non-local and
anisotropic convection (38)–(41). Three parameters (c1, c2
and c3) are included during parameterization of turbu-
lent dissipation (equations (18)–(20)), turbulent diffusion
(equations (23)–(25)) and anisotropy of turbulent convection
(equation (30)). They should be a function varying slowly
with mass M , luminosity L, and effective temperature Te of
stars (Ludwig et al. 1999). To date, the most reliable way for
the calibrations of parameters introduced in different types
of convection theories is on the basis of the Sun. Limited
observational constraints can hardly calibrate separately the
three parameters in our theory. c3 is rather an independent
parameter which can, in principle, be calibrated using the
variations of radial and horizontal turbulent velocity and
temperature as functions of depth in solar outer layers. Un-
fortunately, observations capable of doing such a calibration
are not yet accurate enough to ensure good calibrations of c3.
From stellar evolution point of view, c3 is more linked to the
structure of convective overshooting zones in stars. There is
convergent evidence from observations of solar granulation
velocity, hydrodynamic simulations and numerical calcula-
tions using our non-local and anisotropic convection theory,
that are all inclined to the same conclusion: turbulent mo-
tion is primarily radial in convectively unstable zone, while
it becomes more and more dominant in horizontal motion
when going into overshooting region. The major function
of anisotropy of turbulence there is to reduce the depth of
overshooting distance. Fortunately, the ratio of the radial
and horizontal components (u′r and u
′
h) of turbulent velocity
is approximately u′2r /u′2h ≈ 1/2 in convective overshooting
zone, which is almost independent of the choice of c3. Many
studies, including observations of the velocity field of solar
granulations, hydrodynamic simulations (Deng et al. 2006)
and calculations of lithium abundance profile in the Sun and
stars (Xiong & Deng 2009), show that c3 ≈ 3 is a plausible
value. That infers that u′2r /u′2h ≈ 1 in the convectively un-
stable zone, and it is also in good agreement with the most
unstable modes from linear oscillation stability analysis of
convective modes (Unno 1961).
As c1 and c2 are the two convection parameters that
represent the characteristic lengths le and Λ of turbulence
(equations (31) and (32)), therefore it is reasonable to be-
lieve that the ratio of the two parameters c2/c1 should be
close to a constant of order unity. As a result, once c3 and
c2/c1 are fixed, c1 becomes the only one adjustable param-
eter in the mathematical scheme of our theory.
Based on systematic analysis of all the results from ob-
servations of the velocity field of solar granulations (Keil &
Canfield 1978; Neisis & Mattig 1989; Komm et al. 1991),
assessment of the surface Lithium abundance in late-type
dwarf stars, using hydrodynamic simulations, and the com-
parison between adiabatic helioseismic inversion and the the-
oretical models (Zhang et al. 2012), we have come to a set
of parameters (c1, c2/c1, c3)=(0.64, 0.50, 3) that is robust
in dealing with stellar convection.
3 THE STRUCTURE OF CONVECTIVE
ENVELOPE OF STARS
Equations suitable for the structure of stellar envelopes in
non-local convection theory can be derived by putting all
terms containing velocity u¯ and its time-derivatives in equa-
tions (33)–(41). For the calculations of equilibrium stellar
model, equation (37) has a first integration,
∂φ
∂r
=
GMr
r2
, (47)
Then, inserting equation (47) into (33), equation (37)
can be eliminated. φ not anymore shows up in equations
(33)–(36) and (38)–(41). In such a way, the whole equations
degrade two orders. The number of equations for equilib-
rium envelope structure is now 12. For the boundary con-
ditions and numerical scheme of working equations in non-
local convection, please refer to our previous work (Deng &
Xiong 2008). It is emphasized here that convective envelope
structure in local condition is only an initial value prob-
lem of solving the 4th-order differential equations, which
can be integrated from stellar surface down to the bottom
of convective zone. However, for non-local treatment, solu-
tions of the set of equations of correlations (38)–(41) be-
come non-trivial, which is a set of 4 (anisotropic convec-
tion) or 3 (isotropic approximation) second-order differen-
tial equations, and boundary conditions at both the surface
and bottom of convective zone will be needed. Therefore,
for non-local convection, it is to solve for boundary value
problem of a set of 12 (anisotropic) or 10 (isotropic) equa-
tions. In our practice, Henyey method (Henyey et al. 1964)
has been adopted to integrate the equations. Fig. 1 presents
the auto-correlations of turbulent velocity and temperature
fluctuations x2 and Z, and their cross-correlation V as func-
tions of logarithmic gas pressure logP , for non-local solar
convective envelope in approximation of isotropic convec-
tion (the dashed lines) and the corresponding local model
(the dotted lines) having the same depth of convective zone.
As shown in Fig. 1, both local and non-local models have
virtually the same x, Z and V within the convectively un-
stable zone, revealing the fact that local convection theory is
rather a very good first-order approximation. However, the
two cases have distinct behaviors outside the convectively
unstable region. Convective motions under local treatment
are suddenly halted at the boundaries, while that in non-
local theory x, Z and V reduce as a power law of P in the
overshooting zone just as expected as convective overshoot-
ing in the theory. Such a predicted trend has been proved by
observations of the velocity and temperature fields of solar
atmospheres, and also verified by hydrodynamic simulations
(Deng et al. 2006).
Convective motion properties shown in Fig. 1 actu-
ally represent general properties of the turbulent velocity
and temperature fields of low-temperature stars with ex-
tended convective envelopes. For stars of somewhat higher
temperatures, however, the structure of turbulent velocity
and temperature fields becomes very different for the local
and non-local convection models. Fig. 2 depicts the same
quantities describing turbulent motions as in Fig. 1 but for
a warm δ Scuti star (M = 1.8M, logL/L = 1.1948,
log Te = 3.8499), the dotted lines are for local models, and
dashed lines for non-local. Also presented is the fractional ra-
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Figure 1. The correlations x, Z, V of turbulent velocity and
temperatures versus logP for the local (dotted lines) and non-
local (dashed lines) models of the Sun.
diation flux Lr/L as a function of depth in terms of logP . In
Fig. 2, horizontal bars denote respectively the partially ion-
ized (5%–95%) zones of ionized hydrogen (H+), the 1st and
2nd ionized helium (He+, He++). It is clear from Fig. 2 that,
in the local model the 2nd ionized helium convective zone is
completely detached from those of the ionized hydrogen and
1st ionized helium; whereas they are connected and form a
single and larger convective zone in the non-local model due
to overshooting from the zones. Such results enable plausi-
ble explanations to problems such as lithium depletions in
the Sun and F-type stars, chemical abundance abnormals
in the atmospheres of Ap stars, as well as stellar oscillation
stabilities in general.
Diffusion induced by radiative acceleration and grav-
itational settling are usually adopted for the abundance
anomaly for Ap stars (Richer & Michaud 1993; Michaud
& Beaudet 1995). However, the diffusion time scale is too
short in hot stars like Aps that have too thin convective
zones. In this regard, some unknown turbulent diffusion en-
forcing an inverse mixing to extend the time scale (Richard
et al. 2005). By applying our non-local convection theory in
handling such a process, as demonstrated in Fig. 2, the con-
vective region in these hot stars is largely extended due to
non-local convective diffusion. As a result, the diffusion time
scale is naturally extended, therefore the manually added
unknown turbulent diffusion is not any more needed.
We have also calculated lithium depletion in late-type
dwarfs (Xiong & Deng 2009) using the same theory and
parameter set, the results are presented in Fig. 3. Two
isochrones of age 0.4 and 0.7 Gyr were presented calibrated
by using the Sun, the solid lines are models with gravita-
tional settling, while the dotted lines without settling. The
solid dot, circle and square symbols in Fig. 3 represent re-
spectively the observed atmospheric lithium abundance of
Figure 2. log x, logZ, and −10 (Lr/L) versus logP for a model
of δ Scuti star (M = 1.8M, logL/L = 1.1948 and log Te =
3.8499) calculated using local (dotted lines) and non-local (dashed
lines) treatment.
member stars in three intermediate age open clusters, Coma
(0.4–0.5Gyr), Hyades and Praesepe (0.6–0.7Gyr), the solid
and empty triangles are the upper limits of lithium abun-
dance from observations. Our theoretical predictions (the
solid lines) agree pretty well with observational data in the
three clusters. Towards the low temperature side, the de-
pletion increases due to deepening of convective zone and
more extended overshooting zone for lower temperatures;
whereas at the high temperature end, higher depletions are
caused by shorter gravitational settling time scale in stars
with shallower convective zones. Presumably, our theory is
also able to deal with abundance anomaly in Ap stars by
implementing radiative acceleration in the scheme.
Theoretically, a complete non-local and anisotropic the-
ory can better handle non-locality and isotropy of turbulent
convection. A full set of equations of equilibrium structure
in non-local and anisotropic theory of convection, however,
may confront special complexity and are extremely difficult
to integrate. Equations (30)–(33) possess a certain type of
singularity. Due to stability of numerical calculations, the ra-
dius of convergence for the integration is fairly small, and it
needs special skill or maned operation to numerically calcu-
late the integrations. This restricts application of the theory
in general stellar physics research. When anisotropy of tur-
bulent convection and overshooting mixing are not the ma-
jor concern, eg. studying the temperature-pressure (T − P )
structure of stars, isotropic convection is still a good ap-
proximation. Neglecting all terms containing χij in equa-
tions (33)–(41), equation (39) cancels out, and the whole set
of equations degrade two orders, and the number of equa-
tions in isotropic convection case is now 10. The working
equations and boundary conditions in this situation can be
found in our previous work (Xiong & Deng 2001). In fact,
MNRAS 000, 1–12 (2015)
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Figure 3. Lithium abundance versus effective temperature for
late-type dwarfs in Galactic open clusters Coma (of age 0.4–
0.5Gyr), Hyades and Prasepe (0.6–0.7Gyr). The solid and empty
triangles represent the upper limits. The two solid lines are the
theoretical isochrones at the ages of 0.4 and 0.7Gyr respectively.
the T − P structures under isotropic and anisotropy con-
ditions of non-local convection theory are quite similar. In
Fig. 4, we present relative difference in temperature δT/T
and density δρ/ρ between isotropic and anisotropy models
with the same depth of convective zone of solar convective
envelope as functions of depth (logP ). It is shown that they
are rather close, with the maximum difference being 0.2 per-
cent or smaller. Under the assumption of isotropic non-local
convection, χij = 0. Neglecting non-local convective diffu-
sion term in equation (39), and setting Qij∇j = 0, for equi-
librium stellar model we have the following approximation,
χ11 ≈ αc1P¯ V√
3ηeρ¯x (1 + c3)
. (48)
Using isotropic and non-local convection theory, to-
gether with the quasi-anisotropic approximation in equation
(48), we have the numerical scheme of quasi-anisotropic and
non-local convection ready for stellar models. Fig. 5 gives the
correlations of turbulent velocity and temperature fluctua-
tions x2, Z, V and χ11 as functions of depth (logP ) of quasi-
isotropic (the dotted lines) and anisotropic (dashed lines)
models of the Sun. It is clearly shown in Figs. 4 and 5 that,
in terms of not only the T −P structure, but also turbulent
velocity and temperature fields, the quasi-anisotropic and
the full anisotropic models nearly resemble each other. In
practice, isotropic modeling are far better in terms of conver-
gence and stability in the computation than full anisotropic
treatment. Taking such an advantage, we usually consider
quasi-anisotropic model as a good replacement of the full
anisotropic one for the calculations the equilibrium models.
As we will show in Section 4, the results of oscillation models
based on the two approaches are nearly identical.
Figure 4. The relative difference in temperature and density
(δT/T and δρ/ρ) between the anisotropic and isotropic convection
models as functions of fractional radius r/R.
Figure 5. log x, logZ, log |V | and logχ11 versus logP for the
anisotropic (dashed lines) and quasi-anisotropic (dotted lines)
convection models of the Sun.
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4 NON-ADIABATIC OSCILLATIONS OF
STARS
4.1 Radial and non-radial non-adiabatic
oscillations of stars
The calculations of equilibrium models of stars in non-local
and anisotropic convection theory have been described in
Section 3, which is the starting point of linear adiabatic and
non-adiabatic oscillations modeling. When stars oscillate in
small amplitudes near the equilibrium, oscillation quantities
of the following are introduced,
yi =
δXi
Xi
eiωt = Yie
iωt, (49)
where Yi is the eigen amplitude of oscillations, ω is its eigen
frequency. For adiabatic stellar oscillations, Yi and ω are
both real numbers; whereas for non-adiabatic oscillations
they are complex numbers, the real and imaginary parts of
Yi represent respectively the amplitudes and phase shifts of
oscillations, and those of ω represent frequencies and ampli-
tude growth rates of oscillations. Inserting equation (49) into
the dynamic equations for stellar structure and oscillations,
equations (33)–(41), and making Taylor expansion, retain-
ing only the first-order terms, we will have the equations
of linear non-adiabatic oscillations. For radial oscillations
of stars, the Poisson equation describing self-gravitation
field of stars equation (37) has already initial integration,
∂φ/∂r = GMr/r
2, therefore can be left out. Velocity ui and
velocity-temperature correlation V i both have only radial
components, therefore the number of equations for linear
radial oscillations is 10. The working equations and bound-
ary conditions can be found in our earlier work (Xiong et al.
1998b; Xiong & Deng 2007). In literature, the so-called trou-
blesome spatial oscillations of thermodynamic variables were
reported when applying the local time-dependent theory of
convection to deal with the coupling between convection in
non-adiabatic oscillations of stars, and stellar oscillation in
general (Keeley 1977; Baker & Gough 1979; Gonczi & Osaki
1980). By applying non-local time-dependent theory of con-
vection, and careful assessments of the boundary conditions
(Xiong et al. 1998a), such spatial oscillations of the thermo-
dynamic variables are largely reduced or even completely
disappeared in some cases.
For non-radial oscillations in stars, convection causes
transportation of energy and momentum not only in radial
direction, but also in transverse directions. The phenomeno-
logical time-dependent theory of convection can hardly han-
dle the coupling between convection and oscillations in an
accurate way. In equations (31)–(41), V i is a three dimen-
sional vector, and χij is a second-order tensor, both are orig-
inated from hydrodynamic equations. Our theory therefore
has very solid foundation of hydrodynamics, and we antic-
ipate that equations (38)–(41) will express dynamic behav-
iors of turbulent convection in a more sounded way. When
both rotation and magnetic field are neglected for single
stars, motions in spherical coordinate system (r, θ, φ) should
possess rotational symmetry with respect to radial direction.
Therefore the vectors, ui and V i, will have two independent
components (ur, uh) and (Vr, Vh). For the equilibrium model
Table 1. Model parameters
Series type c1 c2 c3
a C.A. 0.64 0.32 3
b Q.A. 0.70 0.35 3
c Q.A. 0.60 0.30 3
d Q.A. 0.78 0.39 3
e Q.A. 0.70 0.35 2
f Q.A. 0.70 0.35 5
and radial oscillations, all the non-diagonal components of
χij vanish,
χij = 0, when i 6= j, (50)
and it is clear from equation (29) that χij has only one
independent component in this case,
χ22 = χ
3
3 = −χ11/2. (51)
However, for non-radial oscillations of stars, equation
(50) does not hold. It is extremely difficult to handle χij
in a precise way. Fortunately, apart from the central most
parts, nearly all oscillations in the outer layers of stars os-
cillate dominantly in the radial direction (Unno et al. 1989),
therefore equations (50) and (51) still hold approximately
and χij has only one independent component. Given such
conditions, the order of the full set of equations for non-
radial oscillations becomes 16.
Using the stellar evolutionary code from Padova group
(Bressan et al. 1993), we calculated totally 14 evolutionary
sequences for stellar mass M = 0.6 − 3.0M with the so-
lar abundance (X = 0.70, Z = 0.02) and an intermediate
overshooting (lover = 0.5HP ). Taking luminosities and effec-
tive temperatures (logL/L, log Te) along the evolutionary
tracks, we calculated 6 series of models of convective en-
velope, using working equations presented in previous sec-
tion. Where series a is that of the completely non-local and
anisotropic convection models, whereas series b–f are all for
quasi-anisotropic convection models. In series b–f, non-local
and isotropic convection models are calculated a prior, then
the anisotropic component of turbulence, χ11, is derived us-
ing the quasi-anisotropic approximation equation (48). The
parameters used for all 6 series of models are given in Ta-
ble 1, in which the first column is the series number, the
second column shows how the models are calculated: C.A.
for completely anisotropic, Q.A. for quasi-anisotropic, and
the third to fifth columns give the convection parameters
used in the calculations of the corresponding series.
Given the parameters of the series, we calculated non-
adiabatic oscillations in low-degree (l = 1−4) g9–p29 modes
for series a–f defined in Table 1. All the pulsationally stable
and unstable modes (F–p4) of series a and b are presented in
Fig. 6a and 6b, where the circles, triangles, inverse triangles
and plus signs are used to denote unstable (F–p4) modes, all
stable modes are in small dots. From Fig. 6, one can make
it clear that, the stabilities in the two series are similar but
the red edge of δ Scuti strip for the series b seems redder
compared with series a. This infers that quasi-anisotropic
calculations approximate the complete anisotropic convec-
tion theory perfectly in terms of both equilibrium model
MNRAS 000, 1–12 (2015)
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Figure 6. H–R diagram for instability. Pulsationally stable in
F–p4 modes (small dotted) and unstable in F (circles), p1 (open
triangles), p2 (open inverse triangles), p3 (open squares) and
p4 (plus signs) on the evolutionary tracks calculated for M =
0.6 − 3.0M. Panel a): models in complete anisotropic equilib-
rium models; Panel b): models in quasi-anisotropic equilibrium
models. The dashed and solid lines are respectively the theoreti-
cal blue and red edges of instability strip for complete anisotropic
models.
and stability of linear oscillation calculations. Therefore, the
quasi-anisotropic approximation is a very useful and accu-
rate approach.
4.2 Dependence of pulsation stability on the
convective parameters
Many researches on stellar convection demonstrate in one
way or the other that the “mixing-length” used in different
kinds of theories is not a fixed parameter, which varies slowly
as a function of stellar parameters such as mass, luminos-
ity and effective temperature etc. (Ludwig et al. 1999). The
conventional way of calibration is to use solar observations,
but the old question is still there: can it be used to stars
other than the Sun? If the pulsation stability depends sensi-
tively on the choice of the convective parameters, the results
of the theoretical calculations of the pulsation stability are
questionable.
In order to investigate the dependence of pulsation in-
stability on convection parameters, we use different combi-
nations of convection parameters in Table 1 for linear non-
adiabatic calculations (series b–f). The results of theoretical
stability analysis in g9–p5 modes for a M = 18.M star us-
ing all the parameter combinations in Table 1 (series a–f) in
evolutionary stages between MS until SGB (log Te > 3.70)
are presented in the 6 panels of Fig. 7. In all the panels
of Fig. 7, the horizontal axis is stellar effective temperature
(log Te), and the vertical axis is the radial orders of oscil-
lation modes (nr runs in between -9 to 5, correspond to
g9–p5 modes), the horizontal thin solid line on each panel
is F-mode (nr = 0), above which are all p-modes, and be-
low g-modes. The small dots denote all stable models, whose
amplitude growth rates are negative (η = −2piωi/ωr < 0),
where ωi and ωr are respectively the imaginary and real
parts of the complex frequency of oscillations (ω = iωi+ωr);
whereas the circles are the pulsationally unstable models,
whose size is proportional to log η. It is clear from Fig. 7a
and 7b that if one compares the models in series a and b, all
the p-modes are nearly identical, and the g-modes are dif-
ferent but similar. This again demonstrates that the quasi-
anisotropic approximation is a good approach.
Models in b, c and d series are all calculated using quasi-
anisotropic convection having the same c2/c1 = 0.5 and
c3 = 3, but different c1. As presented in Fig. 7b–7d that
the three sets of results are extremely close to each other.
Although c1 varies by 30% in these models, the red-edges
of the pulsational instability trip is shifted to high temper-
atures by only 5% ( ∆ log Tred ∼ 0.02) when c1 goes from
0.70 to 0.95.
Fig. 7b, 7e and 7f represent 3 types of quasi-anisotropic
convection models that possess the same c1 and c2 (c1 =
2c2 = 0.85) but different c3 varying from 2 to 5. The degree
of anisotropy in such a range of c3 changes greatly, with
the r.m.s turbulent velocity ratio, w′2r /w′2h ≈ (3 + c3) /2c3,
changes from 1.25 to 0.8. However the pulsation stability
does not respond sizably in such a large variation range of c3,
this implies that the pulsation stability does not depend, at
least not sensitively, on the choice of parameter of anisotropy
c3.
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Figure 7. Pulsationally stable (small dots) and unstable (circles) modes in n–log Te plane for models along the evolutionary track of a
M = 1.8M star. n is the radial order of oscillation and Te is the effective temperature of the stellar model. Panel a): the anisotropic
equilibrium model; Panels b)–f): the quasi-anisotropic models with parameters given in Table 1, see text for details.
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5 SUMMARY AND CONCLUSIONS
In this paper, we present a dynamic theory for complete
non-local and anisotropic stellar convection, and the compu-
tational results on the structure of stellar envelope structure
and non-adiabatic oscillations based on such a theory. This
work can be summarized in the following,
(i) Starting from the first principle of hydrodynamic
equations and applying Reynold’s decomposition for turbu-
lence, we established a set of dynamic equations for mean
fluid, and that of auto- and cross-correlations of turbulent
velocity and temperature fluctuations. Following the the-
ory of turbulence, we have introduced a proper way to deal
with dissipation, diffusion and anisotropy of turbulent con-
vection. A self-consistent and closed formalism of turbulent
convection is developed, which is ready for the calculations
of stellar structure and oscillations.
(ii) Three convection parameters (c1, c2, and c3) are in-
cluded in the theory, which are respectively connected to
dissipation, diffusion and anisotropy of turbulent convection
in stars.
(iii) Discussions were made on the calculations of the
equilibrium envelope model and the calibration of the con-
vective parameters. Numerical experiments suggested that
(c1, c2, c3)=(0.64, 1/2, 3) is a robust choice, which has been
justified by a number of relevant observational facts includ-
ing: the predicted structure of solar convective envelope that
agrees with solar seismic inversion, the structures of atmo-
spheric turbulent velocity and temperature fields of the Sun
that match solar observations, and the depletions of lithium
in the Sun and solar-type stars.
(iv) When the anisotropy of turbulent velocity and over-
shooting mixing in stars are not the major concerns,
isotropic treatment of convection is a fairly good approx-
imation that gives good enough T − P structure of stars.
Only two parameters c1 and c2 are required in the the-
ory. Our results show that (c1, c2)=(0.70, 0.35) is a good
set. The quasi-anisotropy approximation eq. (47) can de-
liver very good measurements of the anisotropic component
χ11 for turbulent convection, therefore can be used for linear
non-adiabatic oscillation analysis for the sake of computa-
tional effort.
(v) The theory can be used to study both radial and non-
radial oscillations of stars, and it handle both thermody-
namic and dynamic couplings between convection and oscil-
lations.
(vi) Using the scheme of non-adiabatic oscillations in the
non-local and time-dependent convection theory, we have
done linear stability analysis of low degree (l = 1 − 4) g9–
p29 modes for stars with M = 0.6−3.0M from MS to RGB,
and up to AGB phase. Theoretical calculations clearly show
two separate δ Scuti and Mira-like instability strips in the
H-R diagram. For future work, we will carry out further the-
oretical analysis of δ Scuti and γ Doradus stars and pulsating
red giant stars, and compare the results with observations.
(vii) The dependence of pulsation stability of stars on the
convection parameters (c1, c2, c3) was studied very carefully.
The results show that, the stability of oscillations has only
weak response to the choice of the 3 convection parameters
within a rather wide range.
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